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ABSTRACT: We report on coarse-grained molecular dynamics simulations of the electroosmotic flow (EOF) of
an electrolyte confined in a cylindrical, nanoscopic pore. We present results for the equilibrium distribution of
fluid particles and ions in the electrolyte, and we show that our computational model reproduces the well-known
characteristics of EOF in the steady-state regime, in particular the well-known pluglike character of this type of
flow when the Debye length is small compared to the characteristic channel size. Upon adding a number of
neutral, grafted polymer chains on the interior capillary surface, we find a significant reduction of the magnitude
of the EOF. We characterize the polymer coatings and further show that the observed reduction in flow strength,
as a function of polymer surface coverage, is in quantitative agreement with recent theoretical scaling predictions
regarding the coupling of EOF and polymer coatings in small Debye length systems. As far as we know, our
results constitute the first independent, quantitative verification of these predictions.

1. Introduction

Electroosmotic flow (EOF) refers to a fluid flow induced by
an external electric field applied parallel to a solid surface and
occurs when a space charge builds up in the fluid near the
surface. This interfacial charge may arise for different reasons,
a common one being the ionization of chemical groups attached
to the surface and the ensuing accumulation of counterions in
an electric double-layer (EDL) near the interface (e.g., the
deprotonation of silanol groups at a silica-water interface results
in a net negative surface charge bound to the silica and positive
counterions in solution). The EDL is often conceptually divided
into an adsorbed layer (the Stern layer) and a diffuse layer of
counterions; when an external electric field is applied parallel
to the surface, the mobile charges in the diffuse layer are set in
motion and, through viscous coupling with the uncharged fluid,
eventually drag the bulk of the solution in a uniform flow.1-5

EOF is an efficient mode of fluid transport at small scale.
Although it poses its own set of challenges, mainly regarding
the control of surface chemistry, EOF is often preferred over
Poiseuille (pressure-induced) flow for two main reasons: (1)
The velocity of a Poiseuille flow is proportional to the square
of the capillary radius; hence, the pressure gradient required to
obtain decent flow rates often becomes impractical as the system
size is reduced. For example, generating a 1 mm/s flow of an
aqueous buffer in a 1µm wide capillary (or 1 pL/s) already
demands a pressure gradient of nearly 100 atm/cm! (2) Poiseuille
flow exhibits a parabolic velocity profile, which unduly disperses
material samples transported in solution. In contrast, electro-
osmosis generally produces a rather flat velocity profile (often
called a plug flow), and for typical experimental conditions, a
modest applied electric field of about 100 V/cm can reproduce
the flow conditions quoted above.

A renewed interest in EOF, especially in the context of
microfluidic technology, is manifest in recent publications
extending EOF theory to handle time-dependent regimes6-10

and treat completely new ideas11,12 or proposing numerical
schemes aimed at solving the constitutive equations of EOF in
specific geometries.13-15 Of a different character, in that they
do not rely a priori on a continuum hydrodynamic model,
molecular dynamics (MD) simulations, in which the flow

emerges naturally from the integrated equations of motion of a
large number of particles (representing solvent molecules, ions,
etc.), have also attracted attention lately.16-24 MD simulations
provide a fundamental picture of fluid flow at the molecular
scale and are likely to play a critical role in the development of
nanofluidic technologies. In this article, we report on coarse-
grained MD simulations of EOF in a nanoscopic cylindrical
pore (or capillary), which explicitly account for the discrete
nature of fluid molecules as well as hydrodynamic and
electrostatic interactions; our generic approach (detailed in
section 3) allows us to model large systems with nearly 5×
104 individual particles. In contrast to some other recent EOF
simulations performed in atomistic detail, we are able within
our coarse-grained approach to model an electrolyte with a
Debye length significantly smaller than the capillary radius;
hence, the scope of our conclusions extends in part to the case
of macroscopic channels.

We show in this paper that our MD model reproduces the
basic characteristics of electrolytes and EOF very well, and then
we consider the modification of the capillary surface with grafted
polymer chains to investigate in what measure the latter is able
to modulate and eventually quench the EOF altogether. This is
of immediate technological relevance,25-28 e.g., to decouple
electroosmotic and electrophoretic motion of analytes in order
to optimize the separation of biomolecules. Polymer coatings
are routinely employed to modulate the EOF and/or to reduce
the adsorption of analytes in capillary electrophoresis. These
coatings exercise their control either by regulating the capillary
surface charge or by enhancing viscosity near the capillary
surface, or both.29 Despite the wealth of empirical knowledge
about the chemistry, processing, and performance of a large
number of coatings, a fundamental understanding of the way
in which adsorbed (dynamic coatings) or grafted (covalent
coatings) polymer molecules modulate the EOF is still lacking.
While there is considerable interest and a number of recent
reports on the deformation of grafted polymers in flows near
solid surfaces, we could only find one theoretical article, albeit
an exceptional one, by Harden, Long, and Ajdari,30 dedicated
entirely to the coupling between the electroosmotic flow and
the deformation of grafted polymer chains and the consequence
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of this coupling on the far-field solvent flow, self-consistently.
Therein the authors establish some clear predictions for the
deformation of polymers and for the effective bulk EOF velocity
as a function of the polymer grafting density, the polymer size,
and the field strength. At the end of section 2, we review the
simplest limits of their theory, which serve as a baseline in the
interpretation of our simulation data. As announced in our short
Communication published recently,24 this article provides
elaborate details on methodology, equilibrium results for a
confined electrolyte, and steady-state EOF data and ultimately
offers a systematic and quantitative account of EOF modulation
as a function of the coverage fraction of the polymer coating.

2. Theory

2.1. Continuum Theory of Electroosmotic Flow.Before
describing our computational model and presenting our simula-
tions results, we briefly recall the continuum theory of EOF,
which relies on a combination of the Poisson equation for the
electrostatic potential and the Boltzmann equation for the
distribution of charges inside the diffuse layer. In general, ifk
refers to one ofNs ionic species present in the solution, each of
valencezk (including sign), we obtain the well-known Poisson-
Boltzmann (PB) equation

whereφ(r ) is the potential at positionr , e is the elementary
charge,ε is the permittivity of the solvent (we assume it is a
constant),kB is the Boltzmann constant, andT is the absolute
temperature. Then0k factors are the ionic concentrations of each
species in the bulk (far away from the charged wall). For the
case of a symmetric univalent (1:1) electrolyte of bulk concen-
trationn0 confined in a system of characteristic sizea, we often
find eq 1 written as (in terms of the dimensionless potential
φ* ) eφ/kBT)

The important parameterκ ≡ (2n0e2/εkBT)1/2 introduced here is
the inverse of the Debye lengthλD, a widely recognized measure
of the extent of the diffuse charge layer (also called the Debye
layer). The dimensionless combinationκa is called the electro-
kinetic radius and amounts to the system size expressed in terms
of the Debye length. The linear or Debye-Hückel (DH)
approximation of eq 2, namely∇2φ*( r ) ≈ κ2φ*( r ), can be
invoked when|φ* | < 1 everywhere in the system. It is in this
linear context that, in 1965, Rice and Whitehead (RW) first
derived the properties of EOF in a cylindrical pore,31 and their
solution for the net charge density is given in terms of Bessel
functions as

wherer is the distance from the capillary axis,a is the radial
position of the boundary of the diffuse layer, andú ≡ φ(a) is
the value of the electric potential atr ) a. In dimensionless
form, in terms ofF* ) F/n0e andú* ) eú/kBT, eq 3 becomes

If we further consider continuum hydrodynamics, we can
substitute expression 3 for the charge densityF(r) into the
electric body force term in the Navier-Stokes (NS) equation
and solve for the fluid velocity field. Assuming that the flow is
in steady state under the action of an external fieldE oriented
along the axis of the capillary, that there are no pressure
gradients, and that the fluid viscosityη is constant, the NS
equation reduces to

Upon substituting the DH solution forF(r) and integrating, we
find

where we have definedV0 ≡ εúE/η, the so-called “Helmholtz-
Smoluchowski” velocity for the fluid far away from the charged
surface (beyond the Debye layer). Note that when the ratio
I0(κr)/I0(κa) is replaced by e-κx in eqs 3 and 6, we recover the
appropriate solutions for a planar geometry (withx the distance
from an infinite plane).

Apart from the DH linearization itself which is only reliable
when|φ* | < 1, the assumption thatn0k ) n0 for all ionic species,
implicit in going from eq 1 to eq 2, is in fact only valid when
either the diffuse layer thickness is small compared to the
characteristic system size (κa . 1) or when the system is in
equilibrium with a bulk electrolyte reservoir of concentration
n0. The first condition is easily violated in nanoscale capillaries,
where the surface-to-volume ratio is large (i.e., there is no bulk
phase inside the capillary), and although the second condition
is usually met in practical settings, it is typically not enforced
in simulation work, in which the total number of ions is usually
fixed (NVT ensemble). In a closed nanoscale system, counter-
ions ionized from the surface affect the ionic concentrations
significantly across the entire system, and we must resort to
numerical solutions of the PB equation, with values ofn0k

determined from a self-consistent numerical solution of eq 1
under ionic conservation constraints. This point is often
overlooked in the EOF literature, although it has been addressed
in the context of cell models in colloid science.32-36 We have
recently presented a treatment of the issue that is both more
concise and more amenable to the study of EOF in smallκa
systems.37 The gist of the matter is that the PB equation for a
1:1 electrolyte can be casted in a form that resembles eq 2

whereu is simply the dimensionless electric potentialφ* shifted
by a constant, andkeff ≡ (2neffe2/εkBT)1/2 is the inverse of an
effective Debye length that can only be determined numerically
(from boundary conditions and charge conservation integrals)
and that depends on the salt concentrationn0, the wall charge
density σ, and the system sizea via the dimensionless
combinations≡ |σ|/n0a. The quantitysmeasures the importance
of the counterions dissociated from the wall, compared to that
from the dissolved salt. Whens , 1, the contribution of wall
counterions is negligible, and we expect a bulk situation, where
the effective ionic concentration away from the wall is es-
sentially the same as the nominal salt concentration. In the
opposite regime, whens . 1, the situation is dominated by the
wall counterions, and both the ionic concentration and the net
charge can increase well above that of the bulk approximation

∇2
φ(r ) ) -

e

ε
∑
k)1

Ns

zkn0k exp{-ezkφ(r )/kBT} (1)

∇2
φ*( r ) )

2e2n0

εkBT
sinhφ*( r ) ) κ

2 sinhφ*( r ) (2)

F(r) ) -εκ
2ú

I0(κr)

I0(κa)
(3)

F*( r) ) -2ú*
I0(κr)

I0(κa)
(4)

∇2V(r) ) -
EF(r)

η
(5)

V(r) ) - εúE
η (1 -

I0(κr)

I0(κa)) ≡ V0(1 -
I0(κr)

I0(κa)) (6)

∇2u(r ) ) κeff
2 sinhu(r ) (7)
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values, across the whole system. It turns out that there exists a
simple approximation forkeff

where neff is then an effective salt concentration. This ap-
proximation is reliable when the wall chargeσ is small enough
and, most notably, even outside the linear DH regime.

2.2. Coupling between EOF and Polymer Coatings.In their
self-consistent theory for the interaction between the EOF and
grafted polymer chains,30 Harden, Long, and Ajdari explore the
limits of both the “mushroom” regime, in which the grafted
chains are essentially isolated from one another, and the “brush”
regime, in which the chains are closely packed and swell in the
direction perpendicular to the surface.38 To quantify these limits,
it is customary to define a dimensionless coverage parameter
γ* ≡ γπRg

2, whereγ is the surface polymer grafting density
(the number of chains per unit area) andRg ≡ 〈Rg

2〉1/2 is the
equilibrium radius of gyration of the polymers (the angled
brackets denote an ensemble average). This quantity is then
proportional to the fraction of the wall surface area that is
covered by polymer molecules; typically, the mushroom regime
corresponds toγ* , 1 and the brush regime toγ* . 1. We
draw specific attention to the predictions of Harden et al. for
the effective bulk EOF velocityVeff, which can be directly
extracted from simulation data. In the mushroom regime, they
consider that the chains act as isolated obstacles to EOF flow
generation and therefore predict, to first order, a linear decrease
in the fluid velocity withγ*:

whereKm ) Km(N,E) is a proportionality factor which depends
on the chain lengthN and the electric field strengthE in
nontrivial wayssdetailed in the original papersto account for
the possible deformation of the chain in the flow field. In the
brush regime, the argument relies on an analogy with the
exponential screening e-H/d of the flow by a porous medium of
height H and mean pore sized. A blob picture yieldsH/d ∼
γ*5/6, hence the scaling prediction

Here Kb is akin to Km and also exhibits highly nontrivial
dependencies on the polymer length and the field strength, to
account for the perturbation of the brush in the flow field. These
dependencies are carefully scrutinized by Harden et al., but for
our purpose we only need to contemplate the undeformed brush
limit, in which Kb ) 1.

We should point out that eqs 9 and 10 above are derived
under the assumption that the Debye length is much smaller
than other characteristic lengths in the system, such as the
polymer coil size, the channel radiusa, or the spacing between
grafting sites, so that the diffuse charge layers are considered
to be infinitely thin. Interestingly, this approximation allows
one to cast the problem of grafted polyelectrolytes into a simpler
one involving only neutral chains.30 At any rate, we are curious
to compare the results of our simulations, in which the Debye
length is finite, against the foregoing theoretical predictions.

3. Simulation Method

Our generic model of the full electrohydrodynamic aspect
of EOF is based on united-atom molecular dynamics (MD), a
ubiquitous technique in the field of discrete fluid simulation

(especially when macromolecules are involved, given the
prohibitive computational costs of an atomistic approach when
relaxation times are very long). Our system consists of about 5
× 104 spherical particles interacting via the Weeks-Chandler-
Andersen (WCA) pair potential (i.e., a truncated and shifted
Lennard-Jones potential, so that only the repulsive part remains):

with rc ) 21/6b. Physical quantities in this article are quoted as
dimensionless numbers and are understood to be multiplied by
an appropriate combination of the natural MD units ofb for
length,ε for energy,mf for the mass of fluid particles, ande
for the elementary charge. The three first units determine the

natural MD unit of timeτ ) xmfb
2/ε. Because of the coarse-

grained nature of the simulation, we should not attach to much
importance to the interpretation of the fundamental units in terms
of a specific physical system (e.g., a silica capillary filled with
water at room temperature, etc.). However, to set things
concretely, we can imagine that each fluid bead represents a
molecule of water and thatε ) kBT (with T ) 300 K), thereby
establishing the rough correspondenceb ≈ 0.3 nm,mf ≈ 18
atomic mass units, andτ ≈ 25 ps. The trajectory of the particles
is integrated using the velocity-Verlet algorithm with a time
increment∆τ ) 0.01τ. Most of the simulations are carried out
with the same set of physical parameters, summarized in Table
1, along with corresponding approximate values in SI units
according to the rough mapping established above, to provide
a sense of scale. To aid in the description of our model, a
snapshot of the simulation system is also provided in Figure 1.

κeff ≈ κ (1 + s)1/4 or neff ≈ n0 (1 + s)1/2 (8)

Veff ) V0(1 - Kmγ*) (γ* , 1) (9)

Veff )
V0Kb

coshγ*5/6
≈ V0Kb exp(-γ*5/6) (γ* . 1) (10)

Table 1. Simulation Parametersa

parameter symbol
value

(MD units)
∼ value
(SI units)

WCA interaction range b 1 0.3 nm
WCA interaction strength ε 1 kBT ) 300 K
fluid particle mass mf 1 3× 10-26 kg
elementary charge e 1 1.6× 10-19 C
wall particle mass mw 3 9× 10-26 kg
mean fluid number

density
F̃f 0.8 50 mol L-1

mean wall number
density

F̃w 1.0 62 mol L-1

wall spring constant kw 300 14 N m-1

thermal energy kBT 1.0 300 K
bjerrum length λB 2 0.6 nm
salt concentration n0 0.02 1 mol L-1

surface charge density σ -0.1 -0.2 C m-2

external electric field E 3 3× 106 V cm-1

capillary radius a 10.4 3 nm
periodic box length L 127 38 nm
MD unit of time τ 1 25 ps
MD integration time step ∆τ 0.01 0.25 ps
total simulation time tsim 104-105 0.25-2.5µs
coulomb interaction cutoff rcc 40 12 nm
FENE interaction

strength
k 30 1.4 N m-1

FENE interaction range r0 1.5 4.5 nm
DPD thermostat friction ηdpd 1.5 10-14 g s-1

total no. of particles - ≈5 × 104 ≈5 × 104

polymer grafting density γ 0.01-0.15 1013-1015 cm-2

monomers per chain M 2-20 2-20

a The values in MD units are understood to be multiplied by the
appropriate combination of the four independent fundamental units of length
(b), energy (ε), mass (mf), and elementary charge (e). As an example,
corresponding values in SI units are derived from the loose correspondence
established for the four fundamental quantities. The polymer grafting density
and the polymerization index are the parameters of most significance in
this work.

UWCA(r) ) {4 ε[(br )12
- (br )6] + ε r e rc

0 r > rc

(11)
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3.1. The Capillary Wall. The capillary wall consists of a
cylindrical shell extruded from an fcc lattice of mean density
F̃w ) 1.0 with periodic boundary condition along the capillary
axis, which models a narrow, infinitely long tube. Wall particles
differ from fluid particles only in their massmw and in the fact
that they are anchored to fixed lattice sites by simple harmonic
springs with force constantkw. We choosemw ) 3 andkw )
300, ensuring that (1) the fundamental vibrational frequency of
the wall (ωw ) xkw/mw ) 10) is comparable to the Einstein
frequency of the fluid (ωf ≈ 7.8, upon expanding the LJ potential
around its minimum), so that the MD time step∆τ is appropriate
for both; (2) the wall qualitatively behaves like a solid, in that
the root-mean-square displacement of the wall particles remains
below 0.1d (whered is the nearest-neighbor distance of the
lattice; d ) (x2/Fw)1/3 in the fcc case), an empirical Linde-
mann criterion for melting,39 which becomeskw > 3kBT/(0.1d)2

≈ 238 in the current context; (3) the wall efficiently transports
heat generated in the fluid by the Joule effect (i.e., we choose
a small massmw within the limits imposed by the first two
conditions). Any number of other combinations are possible,
and the specific choice has little impact on the simulation
outcome provided, of course, that the wall density is high enough
to prevent fluid molecules from leaking out of the capillary.

Given the capillary volumeV (which is just the number of wall
atoms removed to create the bore, divided byF̃w) and the axial
lengthL of the periodic box, the geometric inner capillary radius
a is unambiguously determined fromV ) πa2L.

3.2. Electrostatic Interactions.To model the electrostatic
aspect of EOF, we simply endow some particles with an electric
charge and add between all charge pairs a truncated Coulomb
interaction potentialUC, given here in dimensionless form:

where rij is the distance between particlesi and j, carrying
chargesqi andqj, respectively; we limit our study to univalent
ions, i.e., we take|qi| ) 1. The Bjerrum lengthλB ≡ e2/4πεkBT
determines the relative strength of the electrostatic interaction
(it corresponds to the distance at which the Coulomb energy
between two unit charges is equal to the mean thermal energy).
In all the simulations reported here we have setλB ) 2, a value
appropriate for water at room temperature. It is widely known
that it is incorrect in 3 dimensions to impose a cutoff on the
long-ranging Coulomb interaction, and Ewald summation

Figure 1. Visual snapshots from MD simulations of EOF control via grafted polymer chains. (a) The full length of the capillary, with some
particles progressively hidden to reveal the different components of the system. Wall particles are shown in gray, fluid particles in blue, positive
ions in red, negative ions in black, polymers chains in yellow, and polymer grafting sites in green. The diameter of the beads corresponds tob, the
fundamental MD unit of length. Periodic boundary conditions are applied along the capillary axis, and the external fieldE ) 3 is oriented toward
the right. In this particular image, the grafting density isγ ) 0.02, and each polymer chain comprises 10 monomers. (b) Axial snapshots, with fluid
particles hidden, for three coatings of increasing polymer grafting densityγ, for chains of lengthM ) 10 (monomers that appear disjointed belong
to chains partly outside the scope of the image). In these images, the external field is oriented out of the page.

UC(rij)

kBT
) {λBqiqj

rij

r e rcc

0 r > rcc

(12)
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methods are required to take into account the contribution of
the periodic images of the charges. In our case, however, the
system only extends along one direction so we may consider
the Coulomb interaction as short-ranged40 for distances larger
than the capillary diameter 2a. By varying the cutoff lengthrcc

from 1a up to 8a (and increasing the periodic box length
accordingly), we indeed verified that simulation results are
independent ofrcc when it is beyond 3a, and for the production
of our final data, we chosercc ≈ 4a, a very safe value.

The initial choice for which particles are charged is random,
with the provision that the bound charges on the inner capillary
surface are constrained to lie at a minimal distance from each
other, so that the distribution remains more or less uniform.
Pairs of opposite charges are thus applied randomly to fluid
particles to model dissociated salt, and counterions opposite in
charge but equal in number to the surface-bound charges are
also introduced, to achieve overall electroneutrality. For all
simulations we use the same salt concentrationn0 ) 0.02 and
the same surface charge densityσ ) -0.1 (the wall charges
are negative; hence the counterions are positive). In terms of
the Debye length introduced in section 2, for the largest capillary
of radius a ) 10.4 we haveλD ) (8πn0λB)-1/2 ≈ 1, and
according to eq 8, the effective Debye length is thenkeff

-1 ≈
0.91. Thus, we expect that there will be a net positive charge
and that the EOF will arise within a distance of one or two
molecular diameters from the wall. Note that we do not expect
to see a Stern layer of ions adsorbed on the solid surface because
we use the same interaction parameters for fluid-wall and
fluid-fluid interactions; at the level of our molecular-primitive
model, a Stern layer would simply renormalizes the capillary
radius and surface charge.

3.3. The Polymer Molecules.We model linear polymer
molecules by stringing togetherM beads, or monomers, binding
them with a finitely extensible nonlinear elastic (FENE) potential

wherek andr0 determine the stiffness and maximum extension
of the bonds, respectively. We choosek ) 30 andr0 ) 1.5, a
widespread choice and an appropriate one to model a self-
avoiding chain.41 Another advantage of this potential over a
simple harmonic one is that the polymer chain exhibits a
physically realistic finite length, even under strong shear forces.
In our simulations we tracked the intermonomer distance and
found it to remain in the narrow range 0.97( 0.04. We graft
each polymer to the interior capillary wall by attaching one of
its ends to a random neutral wall particle with the same FENE
interaction potential, and we also constrain grafting points to
lie at a minimum distance from each other to limit fluctuations
in the local grafting density. The polymers are initially “grown”
from the grafting point in a random conformation, and in an
attempt to keep the fluid density constant, we remove as many
fluid particles as we add monomers (note that monomer pairs
along the chain lie on average slightly closer than fluid particle
pairs, so this actually implies a slight decrease in the mean fluid
density). An important quantity in the analysis of the coupling
between the EOF and the polymer coatings is the dimensionless
coverage parameterγ* ) γπRg

2, which involves the equilibrium
radius of gyrationRg of the chains. We have performed
independent simulations to determineRg for free chains (in bulk
solution) and for isolated chains grafted on the interior capillary
surface, as a function of the number of intermonomer bondsN
in the molecule, withN ) M - 1. The results are shown in

Figure 2, and it is nice to see that they are consistent with the
largeN scaling behaviorRg ∼ N0.588 (dashed line), as well as
the known scaling corrections for smallN (solid line; details in
the figure caption).42 The results also indicate that, for the small
chain lengths considered here, grafting has little influence on
the radius of gyration of the polymer coil, and in our analysis
we use the free chainRg values.

3.4. Temperature Control. Since we are preforming non-
equilibrium electrokinetic flow simulations, energy is imparted
to the system by the external electric field, and in steady state
this energy is converted to heat, mostly through the friction
between drifting ions and the surrounding fluid and wall (Joule
heating). It is therefore essential that we extract this heat from
the capillary to control the temperature of our system, and to
this end we combine two strategies. First, the velocity of the
wall particles are rescaled periodically (typically at every 100
steps of the velocity-Verlet integration, i.e., at everyτ) to keep
their average kinetic energy consistent with the target temper-
aturekBT ) 1. However, this is found to be insufficient (unless
really small field intensities are considered, but then the flow
rates become intractable in realistic simulation times), and we
therefore also need to couple the fluid particles directly to a
heat bath, in a way that does not bias the fluid flow and that
does not require a priori knowledge of the flow profile. There
exists a number of “profile-unbiased” thermostats for nonequi-
librium simulations, and in our simulations we resorted to the
DPD thermostat (so-called because its formulation emerged from
the dissipative particle dynamics simulation method). This novel
and ingenious approach boils down to rescaling the relative
velocities of neighboring particles, so as to leave intact
hydrodynamic interactions and the overall fluid velocity field.43

We apply this thermostat between pairs of fluid particles, at
every integration step. Finally, no thermostat is applied to the
grafted polymer molecules, but their temperature is well
controlled by the surrounding fluid and by their direct coupling
with the wall.

UFENE ) 1
2
k ln(1 - r2

r0
2) (13)

Figure 2. MD simulation results for the equilibrium radius of gyration
of free and grafted FENE polymer molecules, as a function of the
number of bondsN. The dashed line indicates the largeN scaling
relationRg ∼ Nν, whereν ) 0.588. The solid line is a nonlinear fit of
a function which includes scaling corrections for small chains:Rg )
N0.588(a0 + a1N-1/2 + a2N-1 + a3N-2). The values we find for the
expansion coefficientsa0, a1, a2, anda3 are all within 25% of published,
precise values for self-avoiding walks on a cubic lattice.42 Where visible,
the error bars indicate the standard deviation in the measuredRg values.
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4. Simulation Results

4.1. Equilibrium State. We first present equilibrium simula-
tion results when there is no external field and no grafted
polymers (E ) 0, γ* ) 0). Figure 3 shows the normalized
equilibrium distributiong(r) of fluid particles across the capillary
as a function of the distance to the capillary wall (a - r). The
density of fluid particles shows decaying oscillations around
the mean fluid densityF̃f in the vicinity of the wall. The
oscillations are very similar irrespective of the capillary radius,
except for small changes in the fine structure due to the slightly
different fcc lattice artifacts for different capillary radii. The
values for the oscillation period (0.96( 0.01) and the decay
length (1.2( 0.2) are both close to the characteristic separation
of fluid particles (F̃f

-1/3 ≈ 1.08). This layering phenomenon,
due to the packing of fluid particles into layers near a solid
surface, is well recognized both theoretically and experimen-
tally.1 Within our model it is not practical to study capillaries
with a radius smaller thana ) 4.0 because positional correlations
between particles then become so strong across the whole bore
as to induce intermittent crystallization of the fluid, akin to the
stick-slip motion and the wall-induced glass transition observed
in simulations by others.44,45For the rest of this work we focus
on capillaries of radiusa ) 10.4 to obtain decent fluid phase in
the center of the capillary and to clearly resolve the Debye
length. We should reiterate here that the length of our periodic
box along the capillary axis isL ) 127, which is large enough
to alleviate concerns about hydrodynamic and electrostatic self-
interaction artifacts.

In Figure 4, we present results for the equilibrium charge
distribution as a function of the distance to the capillary wall
(a - r). The thick solid curve shows the net charge densityF,
obtained directly by summing the separate ionic densitiesF+
and F-, represented by thin solid lines and as labeled on the
graph. The thin dashed curves give a view of the ionic
concentrationsF( normalized by the density oscillationsg(r),
and the smooth profiles thus rendered show that the electrostatic
and steric aspects are in first approximation separable. The PB
equation therefore remains useful in predicting the charge
distribution in small capillaries on a length scale smaller than
the decay of density oscillations. This is confirmed most clearly

by the thick dot-dashed curve, which corresponds to the net
charge density profile calculated from the self-consistent solution
of the nonlinear PB eq 1 (we cannot use the linear DH
approximation here becauseú* ≈ 1.5). The agreement with the
MD simulation results is remarkable, except within one mo-
lecular diameterb of the capillary wall, as expected since the
theory does not account for the finite size of the ions. The theory
therefore overestimates the charge concentration in the immedi-
ate vicinity of the wall and underestimates it in the first
molecular layer; however, beyond the first solvent layer the PB
prediction is already quite accurate. We should note that dividing
the charge density byg(r) is not strictly correct because this
operation does not conserve the total charge. More rigorously,
we could account for packing effects in the theory by including
an effective chemical potentialµpack ) ln(g(r)) in both expo-
nentials in eq 1.20 Of course, the functiong(r) is generally not
known a priori, but it is easily extracted from a single simulation.

Beyond the right edge of the graph, toward the center of the
capillary, the net charge density vanishes, and the positive and
negative ionic number densities both tend toward the valueneff

) 0.0247 ( 0.0001, which is higher than the initial salt
concentrationn0 ) 0.02. This increase is due to the absence of
a bulk ionic reservoir in our system, as discussed in the
paragraph leading to eq 7 in the theory above. Note that the net
charge density does not necessarily vanish atr ) 0. It does
here, within the measurement uncertainty, because the Debye
length is sufficiently small compared to the capillary radius.
The simulation value forneff compares favorably with that
prescribed by eq 8, i.e.,neff ≈ n0(1 + s)1/2 ≈ 0.0243, but this is
partly fortuitous because the full numerical integration of the
PB equation in fact predictsneff ≈ 0.0226, which is about 10%
lower. Perhaps we can attribute the discrepancy between the
measured and theoretical values ofneff to the structure of the
fluid near the wall. According to Figure 4, ions are displaced
away from the wall compared to the continuum theory prediction
because of steric interactions, and it is certainly reasonable to

Figure 3. Normalized local fluid densityFf/F̃f as a function of the
distance from the capillary wall (defined asa - r), for different capillary
radii a, in equilibrium (E ) 0 andγ* ) 0). The curves are offset from
each other for clarity, and the horizontal lines correspond in each case
to the value of the mean fluid densityF̃f ) 0.8; their vertical separation
of 0.5 provides a vertical scale.

Figure 4. Details of the concentration profile for positive ions and
negative ions (thin solid lines, as labeled on the graph) and for the net
charge (bold solid line) near the capillary wall as a function of the
distance from the wall (a - r), in equilibrium (E ) 0 andγ* ) 0).
The dashed curves show the ionic concentration data normalized by
the local relative fluid density. The dash-dotted curve shows the net
charge density predicted by the self-consistent numerical integration
of the nonlinear PB eq 1 and compares favorably with the simulation
results, except in the first fluid layer, where steric effects dominate.
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expect that this has an impact on the charge density atr ) 0,
at least for the capillary size we are considering.

4.2. Steady-State EOF.We now turn to nonequilibrium
simulations, in which we apply an external electric field to
generate EOF, but in which the capillary walls are still free of
grafted polymers. These “free-flow” results will serve as our
reference scenario to calculate the reduction in the EOF strength
when we consider polymer coatings in the next subsection. The
electric field is included in the simulation in the form of an
additional axial forceqE acting on all charged particles. There
is a compromise in choosing for the field strength; i.e., it must
be large enough so that the velocity profiles can be resolved in
a realistic computational time, yet if it is too strong it becomes
difficult to control the temperature of the fluid effectively; we
settle for the valueE ) 3, and we verified that under these
conditions the thermostat can keep the temperature of the fluid
constant across the bore and within about 1.5% of the target
temperaturekBT ) 1; the temperature gradient is located almost
entirely within the capillary wall.

In Figure 5, we present the steady-state velocity profilesV(r)
of the fluid during EOF. The transient between the equilibrium
state and the fully developed flow typically lasts about 100τ
after the onset of the external field, and we only consider data
points beyond 500τ in the calculation of fluid velocity profile,
to ensure that they correspond to the steady-state regime. We
immediately notice that we recover the expected plug-flow-like
character of EOF: the profile is quite flat in the center of the
capillary, and the shear is located mostly within a couple of
Debye lengths from the capillary wall. We also see that our
model produces a no-slip boundary condition since the fluid
velocity vanishes atr ) a. Actually, careful inspection reveals
that the velocity vanishes atr ) 10.25( 0.05, which is slightly
smaller than the geometrical capillary radius, and we will
therefore use this reduced value in our analysis of velocity
profiles. It is remarkable that, despite the irregularities in the
interior wall due to the fcc lattice structure, the capillary radius
inferred from geometry and from electrokinetic data agree to
within 2%. The small fluctuations in the velocity profile are
due to thermal noise: the typical flow velocity here is 0.1,

compared to a nominal thermal velocity ofx3kBT/mf ≈ 1.73.
We are thus extracting a 5% signal from the thermal motion
background, and we manage to reduce fluctuations below 5%
by averaging over 103-104 velocity profiles collected every 10τ
during long simulations (lasting anywhere between 104τ and
105τ).

We include in Figure 5 the expression derived by Rice and
Whitehead for the velocity, quoted in eq 6, replacingκ by keff

≈ 1.06, usinga ) 10.25 and takingV0 as a fitting parameter
(dashed curve; the fitted valueV0 ) 0.103( 0.001 implies a
small Reynolds numberRe≈ 1, and we are thus in a laminar
flow regime). It is somewhat surprising to find that the velocity
profile shape is predicted rather well by the linearized theory
with adjusted parameters (it is important to note thatkeff, which
determines the shape of the curve, is not a fitting parameter
here; its value is calculated independently). We can also integrate
the NS eq 5 numerically using the net charge density dataF(r)
measured during EOF (different from that shown in Figure 4
because the net charge is slightly displaced away from the wall
during flow) to obtain the prediction of continuum hydrodynam-
ics without a predefined model for the distribution of charges.
The predicted profile is included in Figure 5, as a thin solid
line, and we see that it also describes the simulation data very
well. At any rate, we cannot assess the accuracy of the
predictions categorically because of possible fcc ordering
artifacts and because we do not have an independent value for
V0 in the theoretical models. The variation in viscosity due to
steric constraints near the wall also probably play a role. In
fact, assuming continuum hydrodynamics to be valid at the
molecular scale, we can estimate the local viscosityη(r) of the
fluid from electrokinetic data by writing the NS equation in
cylindrical coordinates as

where both the charge densityF(r) and the fluid velocityV(r)
are directly available from simulation data (although we have
to smooth the velocity profile by fitting it with a combination
of a modified Bessel function and a 10th-order polynomial; FFT
and running average filters do not yield curves amenable to
second-order differentiation). The result of the numerical
integration forη(r) is shown in the inset of Figure 5. According
to this calculation, the viscosity indeed exhibits notable varia-
tions near the wall, probably on account of the strong layering
confinement of particles in the first fluid layer.

4.3. Characterization of Polymer Coatings.Given the
foregoing simulation results, we are satisfied that our simulation
method reproduces the features of equilibrium electrolytes and
steady-state EOF very well. We now present the central point
of this article, namely, a quantitative investigation of the
coupling between polymer coatings and EOF, especially in light
of the predictions of Harden et al. presented in the Theory
section. We first summarize in Table 2 the three data sets on
which we base our analysis; M10 corresponds to a data set in

Figure 5. Steady-state EOF axial velocityV(r) of fluid particles as a
function of the radial position in the capillary, for an external fieldE
) 3 (thick solid curve). Also shown are the prediction of the Rice and
Whitehead formula based on a combination of the DH approximation
for the charge density and the NS equation (dashed curve) and the
numerical integration of the NS equation using the charge density
determined directly from simulation data (thin solid curve). Inset: the
position-dependent viscosity, as calculated from the NS equation, the
charge distribution and the EOF velocity profile. The thin vertical line
shows the position of the capillary wall.

Table 2. Three Data Sets Used in the Analysis of EOF Control with
Polymer Coatingsa

data set
label

no. of data
points

grafting
densityγ

monomers per
chainM

M10 10 0.010-0.100 10
G025 10 0.025 2-20
G100 10 0.100 2-20

a Each set contains 10 data points, in most cases obtained from two
independent simulations with the same parameters. In the text, the data
sets are referred to by labels M10, G025, and G100.

η(r)∇2V(r) + dη
dr

dV
dr

+ F(r)E ) 0 (14)

1256 Tessier and Slater Macromolecules, Vol. 39, No. 3, 2006

CDV



which only the grafting density is varied, for a fixed chain
length, while G025 and G100 correspond to sets in whichM,
the number of monomers per chain, is varied, for two different
grafting densities. All the other physical parameters, in particular
the field strengthE, assume the constant values indicated in
Table 1.

The curves in Figure 6 show the normalized density of
monomers as a function of radial position inside the capillary
for various values ofγ andM. For each data set, we show two
curves: small and large values of grafting density for M10, short
and long chains for G025 and G100; the curves for intermediate
parameter values (not shown) interpolate well between the ones
presented here. These plots characterize the polymer coating in
the radial direction. The difference in profiles between the
equilibrium situation (E ) 0, dashed curves) and the steady-
state flow situation (E ) 3, solid curves) provides valuable
information about the deformation of the polymers under the
action of the EOF. The G100 data set indicates that for the high
grafting densityγ ) 0.1 the monomer distribution is practically
unaffected by the EOF, irrespective of chain length; the flow is
not strong enough to deform these tight brushes (note that the
EOF strength itself depends on the coating density, of course).
On the other hand, the G025 set shows that for the small grafting
densityγ ) 0.025 large chains incur significant deformation;
the EOF pulls on the grafted chains and thus displaces the
monomers toward the capillary surface. Finally, the set M10
shows a transition as the grafting density increases, for a fixed
chain length: theγ ) 0.01 case exhibits deformation, but the
γ ) 0.1 case practically none. It also clearly shows a transition
from a mushroom regime to a brush regime: monomers in
chains of equal lengths lie further from the surface as the grafting
density increases. Assessing the flow-induced deformation of
the polymer coating is important because the theoretical
predictions of Harden et al. for the reduction in EOF strength
due to grafted polymer chains depend on chain deformation via
the numerical factorsKm andKb in eqs 9 and 10, respectively.

A more compelling representation of the polymer coverage
is provided by surface density plots such as those in Figure 7.
These images show the monomer coverage density, i.e., the
average number of monomers observed per unit area “above”
each point of the interior capillary surface (the monomer
positions are projected radially onto the surface). The red
represents a mean coverage density of 0.5 or more, blue
corresponds to a coverage density of zero, and the black dots
show the position of the grafting sites. We show two steady-
state EOF cases taken from the G025 data set: in panel Figure
7a, the chains are short and thus not affected much by the EOF.
They are displaced slightly from their respective grafting points
in the direction of the flow (toward the right in the figure), but

Figure 6. Radial monomer distribution in the capillary for two
representative cases taken from each of the three data sets M10, G025,
and G100, as labeled on the graph. We normalized the density values
by γM (i.e., by the total number of monomers divided by the capillary
surface) to resolve all the curves on the same scale, and we added a
vertical offset between different data sets for clarity. Tick marks on
the vertical axis are separated by 0.1, and the baseline for each set is
evident from the curves themselves. The dash line show the equilibrium
distribution whenE ) 0, i.e., when there is no flow, and the thick
solid lines show the profiles during steady-state EOF, forE ) 3. The
Debye lengthλD is also indicated on the figure.

Figure 7. Visual representations of the polymer surface coatings at
low grafting densityγ ) 0.025 (from the G100 data set), during steady-
state electroosmotic flow, oriented toward the right. In the density plots,
red indicates a mean monomer density of 0.5, blue represents a density
of zero, and the black contours a density of 0.25. The small black points
represent the anchor point of each polymer. The simulation snapshot
images represent a small portion of the wall, as indicated. Wall particles
are shown in gray, the wall-bound negative ions in black, the grafted
chains in yellow, and the grafting sites in green; other components are
hidden to reveal the structure of the coating. (a) Chains composed of
six monomers are displaced from their grafting position, but they adopt
conformations that are not atypical of the equilibrium state. (b) Chains
composed of 14 monomers, on the other hand, incur large deformations
in the direction of the flow.
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they adopt conformations that are not atypical of undeformed
coils. In Figure 7b, we see how long chains are elongated in
the direction of the flow by the EOF. We also remark that there
is significant overlap of the chains, so that coverage fractions
calculated from an isolated chain approximation are certainly
overestimated. In fact, we can obtain a more reliable estimate
of the polymer coating coverage fraction from a direct analysis
of the density plots in Figure 7. The black contours in the images
correspond to a mean monomer coverage density of 0.25; we
choose to count all sites (or pixels) above this threshold as
occupied (inside the contours), and the fraction of occupied sites
thus yields a value for the surface coverage fraction of the
coating (the choice of the value 0.25 will be motivated in the
next subsection). According to this method, the situations in
parts a and b of Figure 7 correspond to coverage fractions of
about 0.22 and 0.65, compared to nominalγ* values of 0.22
and 0.58, respectively. We also include in Figure 7 three-
dimensional snapshots from a small section of the wall (as
indicated on the figure) from the corresponding MD simulations,
with fluid and solvated ions removed, to show what each coating
actually looks like during steady-state EOF.

4.4. EOF Modulation with Polymer Coatings. We now
present results for the reduction of the EOF due to grafted,
neutral polymer chains. As our initial data, we take the average
velocity profiles of the fluid as a function of the radial position
r in the capillary, such as those presented in Figure 8 for the
data set M10, i.e., for different values ofγ at fixed chain length
M ) 10. Right away we see that there is indeed screening of
the flow by the polymer coating at high grafting density: the
fluid velocity is higher in the Debye layer, where the flow is
generated, than in the bulk, away from the wall and the coating.
We compute the effective bulk EOF velocityVeff in each case
by averaging over the velocity profile betweenr ) 2 andr )
5 (to avoid the large fluctuations at smallr and the shear layer
near the wall), and we divide this value by the reference free-
flow EOF velocity V0 to obtain the relative EOF velocity. In
Figure 9, we plot this relative velocity,Veff/V0, as a function of
the dimensionless parameterK0γ*, where K0 is the small
deformation limit ofKm. We determine the valueK0 ) 2.20(
0.05 from eq 9 and from two data points in set G025
corresponding toM ) 4 and M ) 6. By comparing radial

monomer density profiles with and without flow (see Figure
6), we found that these were the two mushroom regime cases
that featured the least deformation of the grafted chains during
EOF. The value ofK0γ* is thus a good measure of the surface
coverage of the polymer coating for isolated chains, and
accordingly, the vertical dashed line atK0γ* ) 1 indicates the
onset of the brush regime, wherein the polymer coating
effectively covers the entire surface.

This is corroborated by the graph inset, in which we plot, as
a function of the nominal coverage valueK0γ*, the coating
coverage fraction obtained independently from the analysis of
monomer coverage density images, as detailed in the previous
subsection (the only adjusted parameter in the image analysis
procedure is the threshold 0.25, chosen so that the image analysis
yields the same coverage asK0γ* for the small deformation
caseγ ) 0.025 andM ) 6). Points to the right of the dash-
dotted line of unit slope correspond to cases for whichK0γ*
overestimates the value of the coating coverage (and conversely),
on account of the deformation of the chains (in the sparse
grafting G025 case) or because of steric interactions between
chains and the emergence of the brushlike character (in the dense
grafting G100 case). Fortuitously, chain deformation and steric
interactions seem to compensate for each other up to a coverage
fraction of about 0.8 for data in the M10 set. We remark that
all the data points for whichK0γ* > 1 correspond to coverage
fractions above 0.9; hence, this threshold is indeed a good
predictor of the brush regime. As mentioned above in the
discussion of the radial monomer density profiles, the coatings
in the M10 data set clearly show a transition from a mush-
roomlike regime to a brushlike one, whereas in G025 they retain
a mushroom character for all chain lengths, and in G100 they
mostly correspond to brushes.

On the basis of these data, let us consider the theoretical
predictions of Harden et al., starting with eq 9 for the mushroom
regime. We disregard the G100 data set here because the high
grafting densityγ ) 0.1 implies that it does not include any
mushroom regime data points (except perhaps for the shortest
chain, but in that case the coating thickness barely spans the
Debye length and the relative EOF velocity is then obviously

Figure 8. Molecular dynamics data of fluid velocity profiles used to
determine the impact of polymer coatings on the magnitude of the EOF.
We show here the data from the M10 set, with one curve for each
value of the grafting densityγ, as labeled on the graph. The effective
bulk fluid velocity is obtained in each case from the 60 data points
that lie between the vertical dashed lines.

Figure 9. Relative bulk EOF velocityVeff/V0 as a function of the
nominal polymer coverage densityK0γ*, for all three data sets M10,
G025, and G100. The valueK0γ* ) 1 (dashed line) divides the
mushroom regime from the brush regime. The inset shows the actual
coverage, obtained from the image analysis of monomer density plots
(see Figure 7), as a function of the nominal coverage. Crosses on the
graph show the G025 data replotted as a function of the corrected
coverage values, which are more reliable in cases where the grafted
polymers are deformed by the flow.
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biased upward). Our simulation results forVeff/V0 as a function
of K0γ*, shown in Figure 9, support the prediction that the
magnitude of the EOF in the mushroom regime decreases
linearly with the fraction of the surface that is covered by the
polymers. Indeed, data from both the M10 and G025 sets show
the same linear decrease with surface coverage. Furthermore,
if we correct the coverage fraction values according to the inset,
to take into account flow-induced polymer deformation of the
grafted chains, we improve the agreement between data points
from the G025 data set and the linear decrease of unit slope, as
indicated by crosses in Figure 9.

For the analysis of the brush regime, we focus our attention
on the high coverage data points of the G100 set, i.e., points
for which K0γ* > 1. In Figure 10, we replot the relative EOF
velocity so as to isolate the value of the exponent ofγ*,
following the form of eq 10 (we recall that, according to the
radial monomer profiles in Figure 6, brushes are essentially
undeformed in the G100 data set, so we takeKb ) 1). Upon
fitting the brush regime data points with a linear function on
the logarithmic graph, we find that the simulation results are
best described by the equation

Thus, we find that the value of the exponent ofγ* is just beyond
one standard deviation from the scaling prediction5/6 ) 0.83h
derived from the hydrodynamic screening argument. For
comparison, a line of slope5/6 is also shown on the graph, and
we see that the data points are qualitatively consistent with it,
especially if we consider the highest coverage values. The points
from the M10 set are also included in Figure 10; they do not
seem to follow exactly the same trend, possibly because the
brushes in M10 do incur some deformation for moderate grafting
densities. In any event, the M10 curve does not extend high
enough beyondK0γ* ) 1 to be conclusive in regards to the
brush regime exponent.

5. Conclusion

We carried out large-scale molecular dynamics simulations
of EOF inside a nanoscale cylindrical pore and reproduced, in

a quantitative way, the distribution of ions similar to what is
expected from continuum theory. The oscillations of the fluid
density, although manifest near the solid wall, do not appear to
have a critical impact, in the sense that we can treat them
separately with reasonable accuracy (provided they do not span
the whole capillary pore); this is in agreement with what others
have reported.46 Classical continuum equations should not be
discounted, even at the nanoscale, on the sole fact that they
overlook the discrete nature of solvent molecules. The distribu-
tion of ions in the pore is predicted quite successfully by the
nonlinear PB equation, provided that the effective electrolyte
concentration is determined in a self-consistent way. We also
considered the case where an external electric field is applied
to the ions, and we reproduced an EOF velocity profile which
is consistent with the predictions of continuum hydrodynamics.
Note that we considered a Debye length that is about one-tenth
of the capillary radius, so our findings are not necessarily
specific to nanoscopic capillaries. Evidently, the scope of our
conclusions is modulated by the choice of a particular simulation
model. Others have performed simulations of EOF with atom-
istic resolution17-20 and have reported dramatic effects pertain-
ing, e.g., to ionic sizes and species, hydration effects, and Stern
layers. The advantage of a more generic approach is precisely
that it isolates the physical aspects of the problem from chemical
specificity. It is also computationally more efficient, allowing
for the simulation of larger length and time scales and of more
complex situations that involve, case in point, polymer chains.

The main goal of this paper was to investigate the modulation
of the EOF by static polymer coatings. Upon including neutral
chains grafted to the interior capillary surface in our simulations,
we find that the reduction of the EOF follows the theoretical
predictions of Harden et al. quite well, in both the mushroom
and the brush regimes (even though the theory is derived in the
limit of an infinitely small Debye length). When the chains are
isolated from each other, the EOF decreases linearly withγRg

2

(with a proportionality constantK0 ) 2.2( 0.2; it is interesting
to note that we haveK0γπRg

2 ≈ γ(3/2Rg)2 ≈ γ(2RH)2, where
RH is the hydrodynamic radius of the coil). In the brush regime,
the coating screens the EOF generated near the surface, and
the characteristic scaling exponent 0.74( 0.08 that we extract
from simulation data is just short of the theoretical value5/6.
However, our results certainly do not rule out the value5/6, and
we need to consider higher density brushes to conclude more
definitely on this matter. This will require significantly larger
capillaries because the longest chains considered in this work
already extend close to the center of the capillary (moreover,
the brush height scales linearly withN), and increasing the
grafting density beyondγ ) 0.1 is not practical within our model
(it becomes difficult to grow the chains and the fluid density
near the wall decreases significantly).

There are many directions in which to pursue this research
further. In particular, we could attempt to verify more precisely
the detailed predictions of Harden et al., including dependencies
on the polymer length and the field strength, although we are
limited in varying these two parameters by the size of the
capillary and by issues with temperature control during the
simulation. We could vary the Debye length to determine the
behavior of the EOF in terms ofλD/Rg and consider the case of
polyelectrolyte coatings by adding charges to the monomers.
We could also investigate the transient between the equilibrium
state and the fully developed flow after the onset of the external
field to see how polymer coatings affect the establishment of
the flow in the first place. On a side note, we would maybe
pay attention to the very small but systematic dip in the EOF

Figure 10. A plot of the brush regime data points from the M10 and
G100 data sets, in a form appropriate to extract the exponent ofγ* in
eq 10. The bold curve shows the best fit to the values from the G100
set, with a slope of 0.74( 0.08. However, as indicated by the dashed
line, the highest coverage data points are certainly not inconsistent with
the slope 5/6) 0.83h predicted from a hydrodynamic screening
argument.

Veff

V0
) cosh-1{(1.74( 0.08)γ*0.74(0.08} (15)
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velocity profile at the interface of the fluid and the polymer
brush (consider Figure 8, forγ g 0.05). Finally, our model is
readily amenable to the study of dynamic coatings, which consist
of adsorbed, rather than grafted, polymer chains. Intriguing
experimental observations28 concerning the magnified action of
dynamic polymer coatings with reduced adsorption still lack a
definitive explanation.
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